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cases the plate buckles for voltages considerably lower than the
breakdown voltage limits. The relative values of the displacements
presented in Fig. 1 show that the plate loses stability according to
different modes whether there are tensile or compressive in-plane
piezoelectric stresses. Of course, larger values of v, are needed to
buckle the plate for larger values of thickness. Considering that
the voltage applied to the actuator is limited to the breakdown
voltage, the effect of stress stiffening is more pronounced for thin
plates.

Figure 2 shows that the configuration with the piezoelectric ele-
ments forming a frame around the perimeter of the plate presents a
behavior similar to that of the plate with two longitudinal actuators
along the edges (Fig. 1), but the stress-stiffeningeffect is more pro-
nounced. For compressivein-plane piezoelectricactuation, the plate
stiffness decreases until it loses stability for a relatively low voltage
(about —70 V). Tensile actuation initially causes the plate stiffness
toincrease, but the plate loses stability accordingto a differentmode
at an actuation voltage of about 100 V.

V. Conclusion

The numerical results on the shape control of laminated plates
with piezoelectric actuators demonstrate that even if the plate is
unconstrained the piezoelectrically induced in-plane stresses may
significantly affect the mechanical behavior of the plate. Therefore,
for the case of combined in-phase and out-of-phase piezoelectric
actuation, accurate modeling of composite plates with piezoelectric
elements should account for the stress-stiffening effects. The im-
portance of the stress-stiffness effect depends on the magnitude of
the in-phase actuation and geometric arrangementof the piezoelec-
tric actuators, boundary conditions, geometry of the problem, and
material properties.

The ability of controlling the plate stiffness has potentially inter-
esting applications in smart structures. For example, piezoelectric
actuationsystems may be designed to tune the vibrationfrequencies
of composite plates. Also, the problem of buckling control of com-
posite plates with piezoelectric elements can be properly modeled
using the present formulation.
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Introduction

ONGRADIENT methodssuchas geneticalgorithmshave been

appliedto solve structural optimization problems with promis-
ing results.!~* Nonetheless, these evolutionary algorithms have not
been fully developed to handle constrained optimization.> Until re-
cently, all existing methods were based on the evolution of a single
group. Based on the evolution of two groups with opposite objec-
tives, a coevolution method has been devised for solving saddle-
point problems.® This method finds two major application areas:
min/max design and constrained optimization. For a constrained
problem, the optimal values of the parameter and multiplier vec-
tors correspond to the saddle point of the associated Lagrangian
if a certain convexity assumption is satisfied. Hence, constrained
optimization problems can be reformulated as saddle-point prob-
lems. For nonconvex problems, augmentation of the Lagrangian
function provides the necessary convexity, as with the deterministic
augmented Lagrangian methods. The new coevolution method has
been applied to the well-known truss problems: the 10-bar, 25-bar,
and 72-bar truss problems treated in Refs. 7 and 8. The numerical
results clearly show that the coevolution method has good potential
for large-scale structural optimization. The basic concept of the co-
evolutionmethod and its applicationto the 72-bar truss problem are
summarized here.

Coevolution for Constrained Optimization
A general constrained optimizationproblemis written as follows:

mjn ), xeS (1

subjectto
gi(x) <0, i=1,....,m 2)
hj(x) =0, j=1...,1 (3)
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where S is the search space of x. From now on, vector notations such
as g(x) <0andh(x) =0 will be used for simplicity. The Lagrangian
function for the primal problem is given by

Lx,pu,A) = f(x)+u"g(x)+1Th(x) 4)

where p is a m x 1 multiplier, and A is an / x 1 multiplier. It is
well known that the triplet (x*, u*, A*) satisfying the Kuhn-Tucker
conditions is a saddle point of L(x, u, A) if the primal problem
is convex over §; f(x) and g(x) are convex and h(x) is affine
over S (Ref. 9). The saddle-point solution satisfies

L(x™, p,2) < L(x™, u*, &%) < L(x, u*, %) 5)

forallx € S and > 0.

For nonconvex problems, we rely on an augmented Lagrangian
function L (x, , A, p) thatincludes penalty terms associated with
the constraints to have an unconstrained local minimum at x* for
pn=p* and A =A*. The common practice of classical augmented
Lagrangian methods is to employ quadratic penalty terms of the
form

Ly(x,p,x, p) = f(x)+ZP;(X, 1is )+ AT h(x) +ph(x)" h(x)
i=1

(6)

As discussed in Ref. 9, the penalty term p; for the ith inequality
constraintis calculated as

&i(x) > —pi/2p
&i(x) < —ui/2p
(7N

The advantages of the augmented Lagrangian formulation are two-
fold: A constrained problem is transformed into an unconstrained
one, and the exact solution can be achieved. The latter is not true
for simple penalty function methods.

The saddle-pointproblem can be interpreted as a zero-sum static
game played by the parameter vector x and the multipliers u, A. In
the coevolutionapproach, the zero-sum game is approximated by a
matrix game, which is solved and updated at each generation. In the
following, key features of the coevolution method are described.

Consider a zero-sum game for which a payoff function F =
F(u,v) is to be minimized by u € U and maximized by ve V.
It is assumed that ' = F(u, v) has a saddle point (1*, v*), and the
players u and v have a finite number of strategies given by

wig(x) + pgi(x) if

i (X, Wi, =
pi(x, Wi, p) {—uf/4p "

U={M1,M2,...,MNU} (8)

V={v1,v2,...,va} 9
where N, and N, denote the number of strategies of u and v, re-
spectively. Then, (F, U, V) characterizes a matrix game, of which
the solution is determined from the security strategies of the two
players. The security strategy of u, denoted as u*, is the strategy
that gives the minimum worst-case payoff for u (Ref. 10):

maxF(u‘Y, vj) < max F(u;, v;), i=1,...,N, (10)
j j

Similarly, the security strategy of v, denoted as v*, satisfies

min F(u;, v*) > min F(u;, v)), j=1,...,N, (1D

1

Now we interpreta static matrix game in the context of coevolu-
tion. First, introduce new variables X; and Y; to denote individuals
representing the strategies u; and v;, respectively. Group X is then
defined as the collection of all X; and group Y the collection of
all Y;. The score of the match between X; and Y; is defined as the
valueof F(u;, v;). Because the solution of the zero-sumgame is de-
termined from the security strategy, each group’s fitness evaluation
should also be based on its security strategy; i.e., the fitness of each

individual is determined by the worst score among all the match
scores the individual obtains. Thus,

fitnessof X; = max F(X;, Y¥;) (12)
j
fitnessof ¥; = —min F(X;, Y;) (13)

Selection and variation of each group can be accomplished by any
of the schemes used in single-group evolutionary algorithms such
as evolutionary programming, evolution strategy, and genetic algo-
rithms. For the numerical examples presented here, we employed
the algorithm of evolution strategy, specifically, the (¢, A)-method
describedin Ref. 11. Note that we only need to evaluate f(x), g(x),
and & (x) for N, times, as in other single-group evolutionary meth-
ods. For an individual X;, the value of L,(X;, Y;) for any Y; is
easily computed by a simple calculation of the penalty terms.

Numerical Example and Results

The design variables x are the cross-sectional areas of the truss
bar elements, and the objective function is the total weight, which
can be expressed as

N
J = ZP,‘A,‘[,‘ (14)

i=1

where N is the number of bar elements, and p;, A;, [; denote the
density, cross-sectional area, and length of ith element, respec-
tively. The constraints are the allowable stress for each bar element
specified in both tension and compression as follows:

o < cr[.(j) <oy (15)

where cr[.(’ ) denotes the stress in member i under load condition
J, o, 1s the allowable tensile stress, and o; denotes the allowable
compressive stress. Thin-walled tubular members are used for truss
bar elements with a maximum mean radius of 2 in. Other constraints
include displacement limits at specified nodes:

8 < dix <4 (16)

where §; ; denotes the deflection of node i along the kth axis, and §;
and 6, denote the displacement limits in each direction. There are

Fig.1 Seventy-two-bar truss structure.
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Table1 Optimized weights of the 72-bar truss

General Weight, b

number Best Worst Median Mean
100 422.47 459.10 430.94 436.30
200 385.21 450.90 408.65 412.70
300 383.50 448.91 402.04 407.28
400 383.50 442.63 401.91 404.81
500 383.30 438.63 398.81 402.11
600 381.15 418.94 394.03 394.71
700 381.02 403.67 387.60 390.74
800 381.02 401.31 383.91 388.27
900 380.75 395.04 382.48 385.68
1000 380.26 394.99 381.98 383.99
1500 379.83 384.64 380.49 381.06
2000 379.71 382.31 380.06 380.27

Table2 Optimal areas of the 72-bar truss
Area, in.2

Variable Reference 8 Best solution Worst solution
1 0.1571 0.1565 0.1492

2 0.5356 0.5467 0.5743

3 0.4099 0.4008 0.3890

4 0.5690 0.5785 0.5416

5 0.5067 0.5198 0.5325

6 0.5200 0.5163 0.5135

7 0.1000 0.1000 0.1000

8 0.1000 0.1006 0.2260

9 1.2800 1.3005 1.0878

10 0.5148 0.5070 0.5145

11 0.1000 0.1001 0.1001

12 0.1000 0.1002 0.1001

13 1.8970 1.8726 1.9125

14 0.5158 0.5153 0.5218

15 0.1000 0.1002 0.1002

16 0.1000 0.1001 0.1004
Weight, 1b 379.66 379.71 382.31

also side constraintson the design variables so that the bar elements
will not be designed too thin:

A[ = Amin (17)

where A, denotes the minimum area of each bar element.

Figure 1 shows the 72-bar truss structure studied in Refs. 7 and
8. A total of 16 design variables are used to represent the areas of
bar elements:

Xp=A == A, Xp,=As=---=A,
X3=Apz == A, Xy =App=Agy
X5 = A == Anp, X = Az == Ay
X = Az = = Ay, Xg = Azs = Ase
Xg= Az = = Ay, Xjg=Ay == Ay
X = Ay == A5, X = As3 = Ay
X13 = Ass = -+ = Asg, Xi4 = Asg = -+ = Ags
Xis = Ag7 =+ = Ay, Xig = A7 = Apy

All truss members are aluminum, and the Young’s modulus and the
specific mass of all bar elements are taken as E =107 psi and p =
0.1 1b/in2. The allowable stresses in tension and compression for

the bar elements are specified as 25,000 1b/in.2, and the minimum
cross-sectional area is taken as 0.1 in.2 for each bar element. In
addition to the stress and minimum area constraints, displacement
limits of £0.25 in. are imposed on nodes 1-4 in the x and z directions
under the two load conditions:

Load condition 1: P = PV =50001b, P{" = —50001b

Load condition2: P{" = P® = P® = P® = —-50001b

where the superscript denotes the bar to which the external load is
applied. Other load components are all assumed zero.

The parentand offspring populationsizes are chosen as 4 and 20,
respectively. The evolutionprocess of 2000 generationsis simulated
for 10iterations. Computationtime is about8.2 s foreach generation
on a 266-MHz Pentium PC. The optimized weights are summarized
in Table 1. Note that the coevolutionalgorithm finds the solutionarea
within 100 generations. The optimal weight of Ref. 8 is 379.66 1b,
which is 0.05 Ib smaller than the best result of coevolution of 2000
generations, as shown in Table 2.

Conclusion

A coevolution method for solving a large class of optimization
problems such as those encountered in structural optimization is
introduced in this Note. This new method solves static zero-sum
games or saddle-point problems by an artificial evolution of two
groups with opposite objectives. The 72-bar truss problem is used
as an example model to verify the proposed coevolution method.
Numerical results show that the coevolution method can achieve
the global solution with an accuracy comparable to that of conven-
tional nonlinear programming techniques. Furthermore, the coevo-
lution method is robust to initial conditions, producing consistent
solutions.
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